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A B S T R A C T 

We have adapted an iterative least-squares inversion with positivity constraints to the prob­
lem of deconvolving the recordings of a small earthquake from the recordings of a large composite 
earthquake. The inversion uses an F-test to minimize the number of non-zero amplitudes or 
subevents in the solution set, by requiring each added subevent to reduce the variance signifi­
cantly. We apply this inversion to the analysis of strong motion recordings of a set of moderate 
sized (4.0 < ML < 6.4) aftershocks of the 1976 Friuli earthquake. The earthquake pairs are 
selected by comparing S-Trigger times and polarization diagrams. The deconvolved time scries 
are interpreted as the time history of slip events or stress release in the composite earthquake, 
depending on whether the recordings of the small earthquake are unfiltered or filtered to sim­
ulate the waveforms radiated by asperities. Deconvolving with the filtered recordings reduces 
the variance more rapidly, as a function of the number of subevents, than deconvolving with the 
unfiltered recordings. The deconvolved time series for three of the four earthquakes analyzed 
indicate that the rupture processes resemble the failure of asperities where the initial subevent 
has the largest stress drop and the later subevents have longer durations and weaker stress drops. 
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I N T R O D U C T I O N 

Over the past ten years, many seismological papers have considered the problem of modelling 
the time history of a complex earthquake as the sum of the time histories of a set of subevents. 
Much of this modelling has been motivated by HartzelVs (1978) insight that the recordings 
of small earthquakes contain of the propagation characteristics necessary for modelling large 
earthquakes, and therefore yield empirical Green's functions which are more appropriate than 
the synthetic seismograms generated by modelling the wave propagation through an inadequately 
known velocity structure. Often, however, these techniques have been applied using synthetic 
Green's functions; because of its relatively long period character and the difficulty of recording 
small earthquakes at teleseismic distances, most teleseismic data are analyzed using synthetic 
Green's functions. 

A range of different techniques, including both time domain and frequency domain decon-
volutions, have been used to analyze this problem. In particular, two of the most widely used 
time domain techniques, that is, the methods of Kikuchi and Kanamori (1982) and Hartzell and 
Heaton (1985), which were developed to analyze teleseismic data, are similar to the technique 
which we propose and test in this paper. We will introduce our technique by first discussing the 
different assumptions and characteristics of these two methods. 

The method of Kikuchi and Kanamori analyzes seismograms iteratively, choosing the delay 
for each subevent by finding the maximum of the cross-correlation of the Green's function with 
the residual of the data, that is, the data minus the previously fitted subevents. The amplitude 
of each chosen subevent is determined from the value of the cross-correlation; if desired, only 
subevents with positive amplitudes can be chosen. Kikuchi and KanamorVs method does not 
refit the amplitudes of the entire set of subevents when each new subevent is added. Moreover, 
no statistical test is used to determine the most appropriate number of subevents. 

Instead of fitting the complex waveform subevent by subevent, the method of Hartzell and 
Heaton considers the time segment between a specified start time and end time to be filled 
with subevents whose amplitudes are constrained to be positive. The inversion determines the 
amplitudes for the subevents using an algorithm from Lawaon and Hanson (1974) with a singular 
value decomposition which iteratively fixes the negative amplitudes to zero. 

In analyzing teleseismic data, Hartzell and Heaton (1985) found it necessary to damp the 
inversion: that is, they minimized the total length of the parameter vector to obtain a stable 
solution. The damping parameter is selected by trial and error. Bezzeghoud and Madariaga 
(oral communication, 1988) indicate that the method of Hartzell and Heaton produces subevent 
time histories which are generally smoother than the time histories obtained using the method 
of Kikuchi and Kanamori. The divergence of the results from the two methods indicates mostly 
that the inversions are poorly conditioned on teleseismic data, owing to the indeterminacy of 
the very long period components of the body-waves radiated by shallow earthquakes. 

The inversion technique which we present in this paper contains elements from both of the 
methods described above. It resembles the method of Kikuchi and Kanamori in that subevents 
are added iteratively to the solution set of subevents. As each new subevent is added, however, 
the amplitudes for the entire set of subevents are recalculated. This repeated inversion is similar 
in effect to the solution of Lawson and Hanson (1974). The iteration continues until the variance, 
normalized by the number of degrees of freedom, reaches a minimum. The number of subevents 
included in the final solution set chosen by this procedure is generally fewer than that included 
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by the method of Hartzell and Heaton. 

We apply this time domain inversion to the analysis of accelerograms recorded at Gemona 
del Friuli, Italy. Following the Friuli mainshock of May 6th, 1976, the Istituto Nazionale di 
Geofisica installed a SMA-1 accelerometer at Gemona from June to September 1976. This in­
strument recorded a large number of aftershocks at relatively small epicentral distances, from 
2-20 km. Rovelli et al. (1989) have analyzed these accelerograms in detail, selecting twenty-four 
accelerograms triggered by P-waves for the spectral analysis of the 5-waves. An interesting 
characteristic of this data set is the wide range in local magnitude of the earthquakes: from 
roughly ML w 4 to Mi > 6 (Rovelli et al. 1989). The wide range in magnitude of the earth 
quakes recorded at this station makes the Gemona data set particularly suitable for studying the 
stress release of large earthquakes by using recordings of small earthquakes as empirical Green's 
functions (Hartzell, 1978). 

We modify the analysis of Hartzell (1978) and many others, however, by filtering the time 
histories of the small earthquakes which are used as Green's functions. Boatwright (1988) 
demonstrates that the asperity rupture process is more appropriate than the crack rupture 
process as a model for a subevent within a composite rupture. Unfortunately, small earthquakes 
or aftershocks whose recordings might be used as Green's functions generally exhibit crack-like 
rupture processes. In order to obtain an equivalent asperity or subevent waveform, we use a 
simple filtering method (Boatwright, 1988). The filtering operation is causal and minimum 
phase; its effect is to amplify the low frequencies without altering the high frequencies. 

The filtering to obtain subevent waveforms is particularly appropriate when it is combined 
with an inversion technique which minimizes the number of subevents in the solution set. As we 
demonstrate by comparing their respective variance reductions, Green's functions with filtered 
waveforms are more appropriate than Green's functions with unfiltered subevents: that is, the 
variance reduction per subevent is greater and the maximum variance reduction is obtained 
for a smaller number of subevents. Our deconvolutional results indicate that the inversion 
technique proposed in this paper optimally resolves the time history of stress release in a complex 
earthquake. 

M O M E N T RATE FUNCTIONS AND STRESS RATE FUNCTIONS 

Generalizing the decomposition proposed by Hartzell (1978) to model multiple slip events 
yields the kinematic decomposition 

where Aug is the slip in the small earthquake, which is assumed to occur within one time 
step At and one square rupture grid ( A £ ) 2 , and Auu is the slip on the grid point t at the 
/th time step after the grid point ruptures. The functions gk(t) indicate the k components of 
the small earthquake recording, that is, the empirical Green's functions. The term Tc(£i,z) -
Tc((g,x) represents the differential travel time for the wave-type c= s or p radiated by the small 
earthquake at and the grid point t at Because the slip at any grid point continues for 
more than one time step in the composite earthquake, the summation for the radiation from 
the grid point i runs over n + 1 time steps beginning at the rupture time Note that this 
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decomposition is only appropriate for frequencies less than the corner frequency of the small 
earthquake, implying that the time step should be chosen as 

We can rewrite the summation over time in equation (1) as the convolution, 

(2) 

where is the seismic moment of the small earthquake. Then we can readily 
identify the summation over the grid points as the integral 

(3) 

that yields the waveform function for the wavetype c observed at x (Boatwright, 1980). For 
a point source, where the waveform function is exactly proportional to 
the moment rate function. For a planar source, this relation can be expressed as M(t) = 

where v is the normal to the fault plane (Boatwright, 1984). Thus, if we deconvolve 
the seismograms of a small earthquake from the seismograms of a large earthquake, the resulting 
time series approximates the moment rate function of the large earthquake, as projected through 
the body-wave radiation to an observer at * . The seismic moment of the earthquake, 

(4) 

is independent of the observer location. 

The subevent decomposition proposed by Boatwright (1988) describes an earthquake rupture 
as a distribution of stress release rather than slip events. The crucial aspect of this decomposition 
is the identification of the asperity-like character of a subevent embedded in a composite rupture 
process. Boatwright (1988) demonstrates how the waveform radiated by an asperity subevent 
can be approximated by filtering the waveform radiated by a crack. The method of filtering 
combines a low-pass Butterworth filter with a corner frequency at f0 and the convolutional 
inverse of a low-pass Butterworth filter with a corner frequency at / c , where f0 and fc are the 
corner frequencies for the large and small earthquake, respectively. The low frequency content 
of the resulting waveforms, which we will write as g%(t), is amplified by the factor ( / c / / 0 ) in a 
causal manner while the high frequency content is unchanged. 

Using this filtered waveform as the empirical Green's function for the stress release of a 
subevent yields the dynamic decomposition, 

(5) 

where ACT, and Aag are the dynamic stress drops of the grid point i and of the small earthquake, 
respectively. In contrast to the slip events described by equation (1 ) , however, each grid point 
is assumed to radiate only once in equation (5) . Note also that this decomposition is effectively 
broadband, in contrast to the kinematic decomposition of equation (1) which is limited to 
frequencies less than the corner frequency of the smaller earthquake. 

The manipulations of equations (2) and (3) are readily repeated for this new decomposition, 
despite the fact that the convolution over time in equation (5) is implicit rather than explicit. 
The ground motion is obtained as the convolution, 
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where the function Ac(x,t) represents the integral 

(7) 

of the dynamic stress drop Acr(£) over the fault. The waveforms g*k(t) radiated from each point 
£ on the fault are associated with the arrival time Tr(f) + Tc(£,x) of the wave-type c at x. 

In analogy with the previous identification of the waveform function fic(x,*) as the moment 
rate function, we identify the function A c ( * , f ) as the stress rate function. Thus if we decon­
volve appropriately filtered seismograms of a small earthquake from the seismogram of a large 
earthquake, the resulting time series can be interpreted as the time history of the rate of stress 
release in the earthquake. Because the time delays Tc((,x) are generally non-zero for ruptures 
with finite spatial extent, the stress rate functions have the same sense of projection through 
the body-wave radiation to an observer at x as the waveform functions defined in equation (3). 
Where the integral of the waveform function over time yields the seismic moment, the integral 
of the stress rate function over time, 

yields the total stress change of the earthquake, which can be written as the product of the 

(8) 

average dynamic stress drop ACT and the fault area E. 
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C H O O S I N G T H E EVENT PAIRS 

The time domain inversion procedure has been applied to ground velocity time histories which 
have been obtained by differencing ground displacement time histories. These displacements are 
calculated from the digitized accelerograms by deconvolving the instrument response in the time 
domain using an exact deconvolution method (Rovelli et al., 1989). The quality of the ground 
velocity time series is generally satisfactory. In a few cases a very low frequency trend is present 
which is removed using a Butterworth high-pass filter. Figures 1 and 2 show the two components 
of ground velocity for the large and small earthquakes which we will use for the inversions. Table 
1 lists the estimates of seismic moment, corner frequency and local magnitude which Rovelli et 
al. (1989) obtained for these earthquakes. 
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Three conditions must be satisfied before a small earthquake can be used as a Green's 
function for a larger earthquake: the seismic propagation in the earth and the seismic response 
of the station site must affect the seismic radiation in the same way for the different events, and 
the fault mechanism must be approximately the same for the small earthquake as for all the 
subevents of the composite earthquake. The use of recordings from a single station assures that 
the site effects are the same for the small and large earthquake. The other two assumptions are 
not always satisfied. In fact, there may be cases in which the mechanism changes appreciably 
during a composite rupture process. Furthermore, when a large earthquake is recorded at a short 
epicentral distance, the source finiteness may yield substantially different propagation paths for 
the seismic waves radiated by different subevents of the large event. 

In the Gemona data set the epicentral distances range from 2 to 20 km. The two largest 
earthquakes, # 17 and # 13, (whose seismic moments are M0 = 5.8 x 1 0 2 4 dyne-cm and 
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M0 = 6.0 X 1 0 2 4 dyne-cm, respectively) are located about 6 km from Gemona. The effect of 
source finiteness must be considered for these two events, whose waveform durations are w 4 s 
and whose source extents may be as large as 10 km. 

The range of epicentral distances and azimuths in the Gemona data set imply that not 
every small earthquake is an appropriate choice as an empirical Green's function for a larger 
earthquake. In order to choose suitable earthquake pairs, we consider two criteria. The first 
critierion is the comparison of the 5-Trigger times of the two earthquakes. The second criterion 
is the comparison of the polarization diagrams of the horizontal ground velocity. Both the 
fault mechanism and the propagation effects determine the polarization diagrams; when two 
earthquakes form an appropriate pair, they exhibit similar polarization diagrams. Figures 3 and 
4 show the polarization diagrams for the earthquakes analyzed in the time domain inversion. 

The event pairs which we have chosen for the deconvolutions are earthquakes # 1 7 (ML = 
5.9) and # 14 (ML = 4.0), earthquakes # 15 ( M L = 5.2) and # 14, and earthquakes # 6 
(ML = 6.2) and # 8 (ML = 4.7). 

Of these three pairs, the polarization diagrams for earthquakes # 17 and # 14 appear the 
most similar. The ratio of the seismic moments is also the greatest for this event pair. Finally, we 
also analyze earthquake # 13 (ML = 6.4) using two different small earthquakes, earthquakes # 
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